Abstract-Applying probability-related knowledge to accurately explore and exploit the inherent uncertainty of wind power output is one of the key issues that need to be solved urgently in the development of smart grid. This letter develops an analytical probabilistic expression for modeling sum of spatial-dependent wind farm power output through introducing unit impulse function, copulas, and Gaussian mixture model. A comparative Monte Carlo sampling study is given to illustrate the validity of the proposed model. hen the large scale wind power is integrated into the power grid, the inherent uncertainty of wind power makes the operating mechanism of power system become more complicated and uncontrollable. So far, a lot of significant research achievements have claimed to represent the uncertainty of wind power output from the perspective of probability, involving statistical probability distribution models [1] , and Gaussian mixture fitting models [2] [3] , and the probability distribution transformation technique [4] and copulas [5] [6] are widely used to model the dependencies of multiple wind farm outputs. Furthermore, the copula based dependent discrete convolution [6] is formulated to handle the summation of dependent uncertainties (such as the total output of multiple wind farms) with varying degrees of success. However, to some extent, the existing approaches are mainly focused on numerical-analysis based idea, rarely discussed and studied from the viewpoint of inherent mechanism. In particular, some discrete terminals objectively existed in the probability density function (PDF) of wind farm output are not considered during modeling. In this letter, we develops an analytical probabilistic model to describe the uncertainty of sum of multiple wind farm outputs considering the spatial dependence, and the Monte Carlo simulation technique is employed to validate the effectiveness of the proposed model.
II. PROPOSED METHODOLOGY
In this letter, we only discuss the dependence of multiple wind farms since there exists relatively weak correlation between wind farm and load [5] .
A. Analytical Probabilistic Model Considering Two Wind Farms
Here, we assume that there are two wind farms named as WF1 and WF2 in which the corresponding wind speeds obey Weibull and Gumbel statistical distributions, respectively. Based on our previous work [7] , the PDFs (symbolled as w1(Pwf1) and w2(Pwf2)) of the two wind farm outputs Pwf1 and Pwf2 can be derived respectively. Through integral operations, the corresponding CDFs (symbolled as W1(Pwf1) and W2(Pwf2)) can be obtained, which are represented by the specified piece-wise functional relations with two distinct steps respectively. Assuming that the two wind farm outputs have a joint PDF m(Pwf1, Pwf2) and a joint CDF M(Pwf1, Pwf2), then the PDF w(Pwf) of the sum of the two wind farms outputs (Pwf=Pwf1+Pwf2) can be obtained by
(1) When considering the dependence of Pwf1 and Pwf2, based on the Sklar's theorem, we have
where the copula function C(W1(Pwf1),W2(Pwf2))=M(Pwf1, Pwf2) can be modeled by copula theory. Substituting (2) into (1), then the w(Pwf) can be calculated as:
and Pwfr2 denote the rated outputs of WF1 and WF2, respectively. Considering that the f1(Pwf1) or f2(Pwf2) is modeled by unit impulse function when Pwf1 or Pwf2=0, Pwf1= Pwfr1 or Pwf2= Pwfr2 [7] , the corresponding probability at corners of the closed region pertinent to the random wind farm output is not possible to be analytically solved by using (3) . In this situation, we first try to work out the CDF of Pwf, W(Pwf), and then take derivative with respect to Pwf to obtain w(Pwf). Here, we have )] denotes the probability at corners of the region, which can be calculated by a diagonal difference method [8] . Therefore, the feasible region of Pwf can be divided four parts as shown in Fig. 1 . Region I represents 0<Pwf< Pwfr1, in which the probability of Pwf1=0 and Pwf2=0 is involved. Region II represents Pwfr1<Pwf<Pwfr2, in which the probability of Pwf1=0, Pwf2=0, and Pwf1=Pwfr1 is involved. Region III represents Pwfr2<Pwf<Pwfr1+Pwfr2, in which the probability of Pwf1=0, Pwf2=0, Pwf1=Pwfr1, and Pwf2=Pwfr2 is involved. Besides, there exist four discrete terminals at Pwf=0, Pwf=Pwfr1, Pwf=Pwfr2, and Pwf=Pwfr1+Pwfr2, in which the corresponding impulse sizes need to be solved.
Due to space limitations, only the Region I is taken for example to illustrate the process of solving PDF of Pwf.
Regarding the probability within the Region I, it can be solved by using (3) directly. It should be noted that the Gaussian mixture model (GMM) as shown in (5) is applied to fit an item that is hard to be analytically expressed in theory.
In Region I, there are only two corners, i.e. Pwf1=Pwfr1 and Pwf2=Pwfr2, which can be solved by using the diagonal difference method. The detailed CDF expression WII(Pwf) is given in (5). (5) Then, the derivative of WII(Pwf) with respect to Pwf can obtain the PDF wII(Pwf) as described in (6) .
An Analytical Probabilistic Expression for
So far, the PDF of total wind farm output in Region I has been solved analytically. Accordingly, the PDFs in Regions II and III can be derived in a similar way. The final analytical probabilistic expression of the PDF w(Pwf) is given in (7).
where Φ1(0), Φ2(Pwfr1), Φ3(Pwfr2), and Φ4(Pwfr1+ Pwfr2) denote the impulse sizes when Pwf equals to 0, Pwfr1, Pwfr2, and Pwfr1+Pwfr2 respectively. The detailed expressions pertinent to Φ1(0), Φ2(Pwfr1), Φ3(Pwfr2), Φ4(Pwfr1+ Pwfr2), 1(Pwf), 2(Pwf), and 3(Pwf) are given as follows.
B. Analytical Probabilistic Model Expanding to N Wind Farms
The analytical probabilistic model proposed in this letter can be further expanded to the situation of more than two wind farms.
Taking N wind farms for example, we assume that the outputs of N wind farms are listed as {Pwf1,Pwf2,…,PwfN}. There are then 2*N corners: {Pwf1,Pwf2,…,Pwfi,…,PwfN,|Pwfi=0 or Pwfi=Pwfri}, where Pwfri is the rated output of the ith wind farm. 
III. SIMULATION RESULTS
The Monte Carlo sampling (MCS) method is employed for comparative analysis to demonstrate the validity of the proposed model. Assuming that there are two wind farms that obey Weibull distribution with shape coefficient kw=2, scale coefficient w=10m/s, and Gumbel distribution with position coefficient μG=10m/s, scale coefficient G=8, respectively. The Gumbel copula with αGumbel=3.65 is selected to model the dependence of the two wind farm outputs. Fig. 2 illustrates the results of proposed analytical probabilistic model and the MCS method with different sample sizes. It can be seen from Fig.2 that the curves obtained from the proposed model and the MCS method are perfectly matched, and the corresponding CPU time can be found in Table I . 
IV. CONCLUDING REMARKS
This letter proposed analytical probabilistic expression for modeling sum of spatial-dependent wind power output. Compared with the numerical simulation method, the proposed model can improve computational efficiency remarkably while keeping the accuracy. After expanding to N wind farms, the proposed model bears potential and broad application prospects in stochastic optimization of smart grid considering renewable generation uncertainties.
